In this article, a capacitated location allocation problem is considered in which the demands and the locations of the customers are uncertain. The demands are assumed fuzzy, the locations follow a normal probability distribution, and the distances between the locations and the customers are taken Euclidean and squared Euclidean. The fuzzy expected cost programming, the fuzzy β-cost minimization model, and the credibility maximization model are three types of fuzzy programming that are developed to model the problem. Moreover, two closed-form Euclidean and squared Euclidean expressions are used to evaluate the expected distance between customers and facilities. In order to solve the problem at hand, a hybrid intelligent algorithm is applied in which the simplex algorithm, fuzzy simulation, and a modified genetic algorithm are integrated. Finally, in order to illustrate the efficiency of the proposed hybrid algorithm, some numerical examples are presented.
Introduction
In a location allocation (LA) problem, a number of new facilities are placed in between a number of specific customers in a feasible area such that the total transportation cost from facilities to customers is minimized. The LA model first introduced by Cooper [1] , was extended by many researchers such as Hakimi [2] , Gen and Cheng [3] , Badri [4] , and Lee et al. [5] .
Furthermore, Logenderan and Terrell [6] , Sherali and Rizzo [7] , Carrizosa et al. [8] , Carrizosa et al. [9] , Zhou [10] , and Mousavi et al. [11] were some of the researchers who extended the LA problem in stochastic environments.
Zhou and Liu [12] studied a capacitated LA problem with stochastic demands and deterministic locations. They employed three types of stochastic programming to model the problem. Zhou and Liu [13] considered a capacitated LA problem with fuzzy demands in which the customers' locations were deterministic. Wen and Iwamura [14] proposed a fuzzy facility LA model under the Hurwicz criterion. Wen and Iwamura [15] utilized a facility LA model in random fuzzy environment. They used the (α, β)-cost minimization under the Hurwicz criterion to formulate the problem. Abiri and Yusefli [16] proposed an application of the probabilistic programming approach to model the fuzzy LA problem where demands were fuzzy and locations were deterministic.
While in un-capacitated location allocation problems, each facility has an unconstrained capacity and the customers' demand are satisfied by the nearest facilities, in capacitated LA problems, the customers' demand are not necessarily supplied by the nearest facilities. As a result, the developed models of the capacitated LA problems cannot be easily extended to include fuzzy demands.
In real world LA problems, the locations of the customers are not always deterministic; but are often uncertain, where finding a distance function for stochastic locations of the customers is difficult. Durmaz et al. [17] considered a capacitated LA problem with stochastic customer locations and deterministic customer demands and employed two methods of exact and heuristic to evaluate the expected distances between the facilities and the customers. Mousavi et al. [11] extended a new mathematical model for the capacitated multi-facility location-allocation problem with probabilistic customers locations and demands. They applied both the expected value model and the chance-constrained programming method based on two different distance measures where genetic algorithm (GA) and vibration damping optimization (VDO) algorithms were developed to solve the proposed problem. The Euclidean distance approach was also employed by Carter et al. [18] in cluster analysis problems.
In this paper, a capacitated LA problem with probabilistic customer locations and fuzzy demands is formulated in which three exact methods are proposed to evaluate the expected distances. While in work provided by Zhou and Liu [13] the demands of the customers are fuzzy and the customer's locations are deterministic, in this study, a capacitated location allocation problem is modeled with fuzzy customer demands and stochastic locations of the customers. The probability distribution of the locations is normal and the distances are Euclidean and squared Euclidean. However, since it is not easy to assign a probability distribution to the demands in real environments, they are assumed fuzzy. In order to solve the problem, the simplex algorithm, a fuzzy simulation, and a modified genetic algorithm are integrated in a hybrid intelligent algorithm.
To better explain the problem at hand, suppose a company aims to locate some facilities in a certain area where the customer demands based on the marketing team are classified to be fuzzy numbers. Moreover, since the customer-locations are not always deterministic in real world environments, they are assumed stochastic. The distances between the customer locations and the facilities can be Euclidean or Squared Euclidean (Durmaz et al. [17] .) Note that unlike most of the previous studies in which capacitated LA problems with deterministic locations were investigated, this paper considers a LA problem with probabilistic locations. Further, similar to works provided by Mousavi et al. [11] and Durmaz et al. [17] , this study aims to find optimal locations of the facilities in between the customers with stochastic locations so that the fuzzy demands of a customer is equal to the quantity supplied by the facilities. Besides, the quantity supplied by each facility cannot be more than their capacities.
The rest of the paper is organized as follows. Section 2 contains required notations and a brief background on the facility-location-allocation problem. In Section 3, three models for the capacitated facility LA problem with fuzzy demand and stochastic location are developed. The fuzzy simulation come in Section 4. Evaluating the expected distance is presented in Section 5.
In order to solve the proposed models, a Hybrid intelligent algorithm is proposed in Section 6. In Section 7, the results of solving several numerical illustrations are presented where the Taguchi design of experiment method is utilized to tune the parameters of the algorithm. Finally, summary of results and conclusion come in Section 8.
A brief background on the facility location allocation problem
The following notations are defined to formulate the facility location allocation problem: The LA problem is considered under the following two assumptions:
The paths between the customers and the facilities are connected and the unit transportation cost is proportionate to the quantity supplied and the travel distance.
II. Facility i is permitted to be located within a certain continuous region In the facility LA problem, the aim is to determine the locations of n facilities in between m customer in a continuous space i R such that the total transportation cost between the facilities and the customers is minimized. Denoting 
In order to find the optimal allocation quantity matrix * W , the transportation cost
x y and    must be minimized. In other words:
However, if ( )
 , then the demands of some customers are impossible to meet and the right-hand side of (4) is meaningless. To avoid this, let define a penalty, P C , as
Based on Zhou and Liu [13] and Mousavi et al. [11] , this penalty is used when the solution space obtained by the Simplex method in Eq. (3) is empty ( ( )
Note that the largest expected distance between the facilities and the customers is used. Zhou and Liu [12] proved that for given 1 2 ,
Due to fuzzy demands of the customers, the objective function in (2) is fuzzy as well.
Therefore, three fuzzy modeling approaches are employed in the next three subsections to formulate the LA problem at hand. However, before doing this let have the definitions of the concepts on the possibility, necessity, and credibility that are involved in fuzzy programming.
The possibility ( Pos ), necessity ( Nec ), and credibility (Cr ) of the fuzzy event { } r   are defined as [13] : 
where  is a fuzzy variable with the membership function (.)  .
The fuzzy expected cost model
The first type of the proposed fuzzy programming to model the capacitated LA problem with fuzzy demands is the fuzzy expected cost value model (called EVM thereafter), where the fuzzy expected cost is defined as [13] :
In order to find the optimal stochastic location ( , ) x y , the following expected cost minimization model of the LA problem has to be solved:
are potential regions to locate new facilities. The model in (7) is different from the traditional fuzzy models because it contains the sub-optimal model (2).
The fuzzy β-cost minimization model
The second type of the proposed fuzzy programming is the fuzzy β-cost minimization model, where β is a predetermined confidence level. This model is defined as [13] : (4) and (5).
The credibility maximization model
The third type of the proposed fuzzy programming is the dependent-chance modeling, that is the maximizing the credibility of the fuzzy event  
x y [13] . Therefore, the credibility maximization model for the capacitated LA problem at hand is presented as
. .:
where F is a given level of the total transportation cost, and ( , | ) C  x y is defined in (4) and (5).
Interested readers are referred to [13] for more details.
Fuzzy simulations
In order to solve the three fuzzy programming models, i.e. the three models involving uncertain functions with fuzzy parameters of Section 3, three fuzzy simulation approaches are proposed in this section.
The fuzzy simulation approach for the EVM model
The first fuzzy simulation approach to evaluate the uncertain objective function of the fuzzy expected cost model in (7) , that is to evaluate the term
involves the following steps [13] .
Step 1: Set 0 k  .
Step 2: Generate t
, where  is a sufficiently small and M is a large number.
Step 3: Solve the linear programming models for ( ) t   using the Simplex method and denote the optimal objective values by ; 1, 2, ,
Step 4:
Step 5: Randomly generate e between 1 a and 2 a .
Step 6:
Step 7: Repeat steps 6 and 7 M times.
Step 8:
The fuzzy simulation for the β-cost minimization model
The steps involved in the second fuzzy simulation approach to evaluate the uncertain objective function of the fuzzy β-cost minimization model in (8) , that is evaluating the
, are as follows [13] :
Step Step 2: Solve the linear programming models for ( ) t   using the Simplex method and denote the optimal objective values by ; 1, 2, ,
Step 3: Find the maximum value of r such that   H r   holds, where
Step 4: Return r .
The fuzzy simulation for the credibility maximization model
The third fuzzy simulation approach to evaluate the uncertain objective function of the credibility maximization model in (9) , that is to evaluate the term
Step 1:
Step 2: Solve the linear programming models for ( ) t   using the Simplex method and denote the optimal objective values by ; 1, 2, ,
Step 3:
Step 4: Return H as the credibility, in which
Evaluating the expected distances
The expected distance between facility i that is placed at the point ( , ) 
In which (.)  is the gamma function. Moreover, when the distance function is squared Euclidean, Aly and White [19] developed a closed-form expression as follows:
Interested readers are referred to [19] for more details.
In this research, the exact calculation methods of Aly and White [19] are adopted to evaluate the expected Euclidean and squared Euclidean using two closed-form expressions. In the next section, a hybrid intelligent algorithm is proposed to solve the models of the capacitated LA problem with fuzzy demand and stochastic location.
The hybrid intelligent algorithm
A large number of meta-heuristic algorithms have been developed since 1984 when
Megiddo and Supowit [20] proved that the LA problems are strongly NP-hard. Zhou and Liu [12, 13] and Wen and Iwamura [14, 15] employed hybrid intelligent algorithms to solve the capacitated facility LA in which the algorithm integrates the Simplex method, simulation, and genetic algorithm (GA). Abiri and Yusefli [16] proposed a GA to solve a facility LA problem.
Liu and Zhu [21] presented a hybrid method of neural network and simulated annealing to solve a fuzzy capacitated location allocation problem with minimum risk criteria. Moreover, in recent decades the genetic algorithm has been applied to find near optimum solutions to different optimization models involving the capacitated LA problem.
The proposed hybrid algorithm of this research is based on a new GA that is combined with both the Simplex method and the fuzzy simulation approach. The steps involved in this algorithm are illustrated as follows.
Step 1: Initialize a number of chromosomes 1 2 1 2 ( , ) ( , ,..., , , ,..., ) Step 2: Calculate the objective function values ( 1, 2, 3) k l U l  for all chromosomes k v by the fuzzy simulations described in section four, where the Simplex algorithm is used to solve the involved linear programming models.
Step 3: Compute the fitness of all chromosomes k V ; 1, 2, , k popsiz e   and rank them based on the following criterion
where  is a parameter of the genetic system.
Step 4: Perform the selection process based on spinning the roulette wheel characterized by the 
If both children are in the region   Step 5: Produce ( -  randomly.
Based on the region constraint if
is not feasible, we then set m to be a random number between 0 and Step 7: For a given number of cycles repeat the second to the sixth step.
Step 8: Report the best chromosome
as the optimal locations.
In the next section, numerical illustrations are given to both demonstrate the applications of the developed methodology and to tune the parameters of the proposed hybrid algorithm.
Parameter tuning and numerical examples
In order to have better near-optimal solutions, the parameters of the proposed hybrid algorithm require fine-tuning. While the calibration process is hard to perform manually, design of experiments using the Taguchi method is employed in the next subsection for this purpose.
Parameter calibration using the Taguchi method
In the Taguchi method, orthogonal arrays are used to study the effects of a number of factors on a response using a relatively small number of experiments. Taguchi divides the factors into two main classes: controllable and noise factors. The noise factors are those that cannot be controlled directly. Since elimination of the noise factors is impractical and often impossible, the Taguchi method tries for to minimize the effect of noise and to determine the optimal levels of important controllable factors based on the concept of robustness. Taguchi developed a transformation of the reiteration data to another value that is the measure of variation. The transformation is the signal-to-noise ( S N ) ratio that explains why this type of parameter design is called robust [22] . Moreover, the objective function of the Taguchi procedure is classified into three groups of "the smaller the better," "the larger the better," and "the nominal is the best."
Since the objective functions of the developed models of this research, all involve minimization, "the smaller the better" type is appropriate, where it is given by [22]:
In equation (17) t  is the objective function value of a given experiment t and 1 n is the number of times the experiment is performed. The term "signal" represents the desirable value (the mean of the response variable) and "noise" represents the undesirable value (the standard deviation of the response). The aim is to maximize S N . The Taguchi method is a very popular one used by many researchers as a parameter calibration procedure (see for example [11] , [24] , and [25] ).
In this research, the potential factors that can influence the quality of the response obtained by the proposed hybrid algorithm are popsize (the GA population size), c p (the crossover probability), m p (the mutation probability), and  (used in eq. 14). Assuming three levels for each factor, a single replicate of the Taguchi L 9 design requires 9 observations on a response (say the response of the fuzzy expected cost model). Table ( 1) shows the factor levels. Table ( 2). Moreover, let the demands be trapezoidal fuzzy numbers with a sample that is given in the third column of Table ( 2).
There are four facilities to be located in a potential region that is a rectangle area of This study uses five replications ( 1 n 5  ) for the Taguchi analysis with 9 factor level combinations. Table ( 
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Signal-to-noise: Smaller is better In the next subsection, numerical examples are given to illustrate the applications of the proposed methodology based on the three developed models using both the Euclidean and the squared Euclidean distances.
Mean of Means

Numerical examples
In what follows, for the specific problem given in Section 7.1 and random samples similar to the one given in Table ( 2), the results of running the coded programs of the three developed models using Euclidean and squared Euclidean distances are given.
The example for the fuzzy cost expected value model
The fuzzy expected cost model for the example at hand is 
The GA part of the proposed tuned hybrid intelligent algorithm is terminated after 500 generations and the fuzzy simulation part was run for 100 cycles. Then, for the Euclidean distance the following near optimal solution was obtained. 
with an objective function value of 6316, for which the calibrated parameter values using the In order to solve the problem, the GA part of the proposed hybrid intelligent algorithm for the Euclidean distance again terminates after 500 generations with a 100 cycles of the fuzzy simulation part, where the near optimum solution is obtained as 
Conclusion
In this research, a capacitated location allocation problem with fuzzy demands and stochastic locations was modeled. The customer locations were assumed to follow a bivariate normal distribution and the customer demands were taken trapezoidal fuzzy numbers. Three fuzzy programming were developed to formulate the problem and a hybrid intelligent algorithm was proposed to solve the problem. Moreover, two closed-form expressions were employed for Euclidean and squared Euclidean distances. In order to calibrate the parameters of the proposed hybrid algorithm, the Taguchi method was used to obtain better near-optimum solutions. Finally, numerical examples were generated to illustrate the applications of the proposed methodology.
